Solutions to PHY W3003: Practice Midterm

1 (20 points) A particle of mass m slides with-

out friction along a rigid rod which rotates

about a vertical axis with fixed polar angle 6 _
with time-varying azimuthal angular velocity
Q(t) = A cos t. The particle is connected to
the top of the rod by a spring of force constant
k and equilibrium length L. (See Figure).

(a) (5 points) Please write down the La-
grangian of this system using as dynamical
variable the length [ of the spring.

The particle’s x,y,z position and velocity are

Spring, equilibrium
length L

Angular velocity
rotation about
vertical axis

Q

x = lsinfcosQ(t) & = [sinfcosQ(t) — 1sinfsinQ)
= Isinfsin)(t) i = IsinBsinQ(t) + lsinfcosQQ
= —lcosf 5= —lcost

so the Lagrangian is
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L= 5 (l + “5in"6Q2 ) + mglcost 5 (l—-1L)
(b) (5 points) Please find the equation of motion

mil = mgcosh + mlsin®0Q% — k (I — L)

(c) (10 points) For some ranges of ; and A the motion may become unbounded (ex-
tension of the spring can become arbitrarily large). Please find these ranges
Using the explicit form of Q(t) and the formula for sin*Q we obtain

mlsin?0A%Q32

ml = mgcost + 2

(1 —cos(21t)) — k(I — L)

Rearranging gives

. n20A2Q02 in?0 A%
ml = — (k; — m5m291> Il 4+ mgcosh + kL — <msm291608(291)> l

Thus leaving aside the time dependent terms we have a harmonic oscillator with fre-
quency
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and w3 = k/m. If w? goes negative, i.e. if Smfl > wj, then the motion becomes

unbounded.

Also if 202; = w then we have an oscillator driven at its resonance frequency
and motion becomes unbounded.

2 (20 points) A particle of mass m moves in three dimensions subject to the potential
Ulz,y,2) = 5 (22 + ).

(a) (b points) Please state whether energy and the different components of momentum
and angular momentum are conserved and give your reasons.

Energy is conserved because the system is subject to a time-independent potential. The
z component of angular momentum is conserved because the system is rotationally invari-
ant about the z axis. The z component of momentum is conserved because the system is
translationally invariant along z.

(b) (10 points) Suppose that the particle is subject to a frictional force F = —~#, and
that at time ¢ = 0 the particle is at position x = xg, y = 0 and z = 0 with velocity v = v, 2.
Please find the motion at all subsequent times The equations of motion are

mi+yx+kr = 0
my+yy+ky = 0
mz+vz = 0
The solutions, consistent with boundary conditions, are (for the underdamped case
z(t) = Cpet'+C_ e !
C, = __Tow- O = _Tow+
W4 — W— W4 — W-
—v + /7% — dmk —y — /7% — 4mk
wy = w_ =
+ 2m 2m
y(t) = 0
v,m _y
2(t) = (1 —e m)
g

(¢) (5 points) Determine how much work the particle does on the degrees of freedom
providing the friction over the entire time period ¢t = 0 to ¢t = co. (Note that this answer
can be obtained even if you dont have the full solution requested in (b).

Initial energy is mv?/2 + k‘x%/2. Final energy is 0. Thus total work done is equal to the
initial energy.

3 (20 points) A particle of mass m moves in three dimensions subject to the potential
U U
Ur) = — — ==
8r8  5rd

with Ug and Us both positive.
(a) (10 points) Please determine the range of angular momenta for which circular motion
is possible and the radius and period of the resulting orbit.



The effective potential is

L? Us Us
Uerr) = gma 508 ~ 505

Circular motion is possible if dUcg¢/dr =0, i.e. if
L? Us Us

0=——=+—75— —&
mr3 9 b
n.e. if
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Thus a solution exists if
L*  U?
—_ > —_
m 4Ug
The solution is stable if

d*U, L? 1 L?
iy _ 3 + s _ 6Us <3mr6 — 6Usr + 9U8)

0<
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Because the effective potential increases as r is decreased from infinity the larger r extremum
is a maximum so the radius of stable circular motion is

UgL?
LUy

circ,stable — 9 12
m

and the period is

T — 27Trgirc,stable
L

(b) (5 points) Suppose the motion of a particle moving in the circular orbit found in (a)
is slightly perturbed, so that at time ¢t = 0 the value of the radial coordinate is changed to
r — Teire + 0 With § small, but no velocities are changed. Please determine, in terms of §,
Us, Us 7cire and m the maximum value of the radial velocity 7. for this problem you may
work to lowest order in 0) and you dont need to simplify the expressions.

In the radial direction the perturbed motion is harmonic, with mass m and restoring

force k = dQUeff/dr2 mmplying frequency wreq = A/ W so the solution to the radial
equation 18

7(t) = Teire + 008 (Wrqdt)
implying that the velocity is

Ur(t) = —O0wyraqsin (Wrqqt)
so that the mazximum velocity is

Umaz = OWrad
(c) (5 points) Is the resulting orbit closed? (Give reasons).



The resulting orbit will be closed if the oscillation frequency in the radial direction is an

integer multiple of the orbital period. For small 6 the condition is
2mn
Wrad =

T
with T' the period found in part (a)



